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Abstract
We prove that every set of n points in the plane has at most 17n rectangulations.
This improves upon a long-standing bound of Ackerman. Our proof is based on the
cross-graph charging-scheme technique.
1 Introduction
Let P be a finite point set in the plane. How many graphs can be embedded on P with non-
crossing straight edges? This natural question has a long and rich history. Tutte [18] studied
the problem for the case of unlabeled vertices. Ajtai, Chva´tal, Newborn, and Szemere´di
[4] introduced the ubiquitous crossing lemma to bound the maximum number of labelled
graphs that can be embedded over any set of n points. More precisely, denote by pg(P ) the
number of labelled plane graphs that can be embedded over P . By labelled, we mean that
different embeddings of the same graph are counted as separate. The main goal of Ajtai,
Chva´tal, Newborn, and Szemere´di was to study pg(n), the maximum of pg(P ) taken over
every set P of n points.
The above problem has many variants, some of which might be considered more in-
teresting than the original. For example, one may wish to find the maximum number of
Hamiltonian cycles that can be embedded over a set of n points. Other main variants
involve triangulations, spanning trees, and more (for example, see [3, 6, 10, 15, 16]). Eu-
ler [7] introduced the famous Catalan numbers to study the number of triangulations of a
point set in convex position. Beyond the extremal problems, algorithms for counting and
enumerating such plane graphs are also being developed (for example, see [5, 11, 13]).
We say that a set of points is in general position if no two points share the same x- or y-
coordinate. For a set P of n points in general position within a rectangle B, a rectangulation
G of (B,P ) is a partition of B into rectangles using axis-parallel segments, so that every
segment contains a single point of P . The segments do not intersect in their interiors,
although an endpoint of one segment may lie in the interior of another. For example,
Figure 1 depicts two rectangulations of the same point set P . Note that there is a bijection
between the points of P and the segments used to partition B. We define R(P ) as the set
of rectangulations of P , and rc(P ) as the number of rectangulations of P . In other words,
rc(P ) = |R(P )|. We denote by rc(n) the maximum of rc(P ) taken over every set P of n
points in general position.
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Figure 1: (a) Point set P in rectangle B. (b) The rectangulation G of (B,P ). (c) The rectangulation
G′ of (B,P ).
Many combinatorial and algorithmic aspects of rectangulations have been studied (for
example, see [2, 9, 12]). Ackerman, Barequet, and Pinter [2] proved rc(n) = O(20n), which
was later improved by Ackerman [1] to rc(n) = O(18n · n4). Felsner [8] then proved that
rc(n) = Ω(8n · n4), and this is the current best lower bound. Referring to the upper bound
for rc(n), Felsner also states that “To improve this bound remains an intriguing problem.”
The current work further improves Ackerman’s upper bound:
Theorem 1.1. rc(n) ≤ 17n.
Our proof is based on the cross-graph charging-scheme technique. This technique was
introduced by Sharir and Welzl [17] and further developed by Sharir and Sheffer [14]. We
show how such an approach could be pushed further to obtain stronger bounds for rc(n).
In Section 2, we introduce additional notation and properties of rectangulations. Section
3 contains the proof of Theorem 1.1.
Acknowledgements. I would like to thank Professor Adam Sheffer for his mentorship
and for the suggestion of this topic.
2 Rectangulation Preliminaries
In this section, we introduce several properties and definitions involving rectangulations.
We will rely on those in our proof in Section 3.
Given a vertex a of a rectangulation G, we denote as (a,G) the segment in G contain-
ing a. We consider (a,G) and (a,G′) as distinct segments, even if they are geometrically
identical. For example, in Figures 1(b) and 1(c), the segments (a,G) and (a,G′) are geo-
metrically identical, but we consider these as distinct segments. An intersection is defined
as an endpoint of one segment lying in the interior of another segment or on B. We define
the degree of a segment (a,G) as the number of intersections on (a,G). For instance, in
Figures 1(b) and 1(c), the segments (a,G) and (a,G′) have degrees of 2 and 3, respectively.
Note that no segment has degree smaller than 2, because the two endpoints of each segment
are intersections by definition.
For an integer j ≥ 2 and a rectangulation G, we denote by dj(G) the number of segments
of degree j in G. For example, with respect to the rectangulations in Figures 1(b) and
1(c), we have that d2(G) = 2 and d2(G
′) = 1. Finally, the expected value of dj(G) for a
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Figure 2: Flipping and rotating segments. (a) A rectangulation G, with point a. (b) Flipping the
segment s = (a,G). (c) Rotating the intersection t.
rectangulation chosen uniformly from R(P ) is denoted as dˆj(P ). In other words,
dˆj(P ) =
∑
R∈R(P ) dj(R)
rc(P )
. (1)
For a point a ∈ P and a rectangulation G, consider the segment s = (a,G). We define
the operation of flipping s as follows. First, we switch the orientation of the segment from
horizontal to vertical or vice versa. If the degree of s is greater than two, then this switch
leads to segments with endpoints that are not contained in the interior of other segments
or in B. We extend all of these segments until they intersect with either another segment
or B. For example, Figures 2(a) and 2(b) depict a flip of the segment containing a.
Consider segments s1 = (a1, G) and s2 = (a2, G) such that an endpoint t of s1 is
contained in the interior of s2. We define rotating the intersection t as shortening s2 until
one of its endpoints becomes t, and then extending s1 until it hits another segment or B.
Figure 2(c) depicts a rotation of the intersection t from Figure 2(a). A rotation is non-valid
if an endpoint of another segment is contained in s2 before the rotation but not after it.
Figure 3 depicts one valid rotation and one non-valid rotation.
Figure 3: Valid and non-valid rotations. (a) A rectangulation G. (b) The valid rotation of t1. (c) The
non-valid rotation of t2.
Throughout the paper we refer to left and right endpoints of a segment. This notation
applies only to horizontal segments. One can handle vertical segments by symmetrically
considering top and bottom endpoints.
Every segment of degree i > 2 can be shortened by applying a valid rotation. Indeed,
let s = (a,G) be a segment of degree i > 2. Let t be the rightmost intersection on s that
is not the right endpoint of s. Without loss of generality, we assume that t is to the right
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of p (otherwise, we symmetrically define t as the leftmost intersection on s that is not the
left endpoint). By definition, the rotation of t is valid and shortens s, as asserted. For an
example of this, see the segment of a in Figure 3.
Let s = (a,G) be a segment of degree i > 2. By the preceding paragraph, we can
repeatedly shorten s through valid rotations, until we obtain a segment s′ = (a,G′) of
degree 2. We say that s′ is the degree 2 segment obtained by trimming s. For example, the
valid rotation of t1 in Figure 3 trims (a,G) down to a degree 2 segment.
3 Proof of Theorem 1.1
The following lemma exposes a connection between dˆ2 and rc(n). A somewhat similar
argument appears in Theorem 4.3.1 of [1].
Lemma 3.1. For n ≥ 2, assume that there exists δn > 0 such that for every set P of n
points in general position we have that dˆ2(P ) ≥ δnn. Then, rc(n) ≤ 2δn rc(n− 1).
Proof. Let P be a set that maximizes rc(P ) among all sets of n points in the plane. That
is, rc(P ) = rc(n). Rectangulations of P can be generated by choosing a point q ∈ P and
a rectangulation G of P \ {q}, inserting q into G, and adding a degree 2 segment that
contains q. In this manner, a rectangulation G of P can be obtained in exactly d2(G) ways.
In particular, if d2(G) = 0 then G cannot be obtained at all in this fashion. Therefore, it
follows that
dˆ2 · rc(P ) =
∑
G∈R(P )
d2(G) = 2
∑
q∈P
rc(S \ {q}). (2)
Here, the leftmost expression equals dˆ2 · rc(n), and the rightmost expression is at most
2n · rc(n− 1). Recalling the assumption dˆ2 ≥ δnn, we have that
rc(n) = rc(P ) ≤ 2N
dˆ2
· rc(n− 1) ≤ 2
δn
· rc(n− 1).
The following lemma is our first lower bound for dˆ2(n).
Lemma 3.2. For every set P of n points in general position within a bounding rectangle,
dˆ2(P ) ≥ n9 .
Proof. We use a charging scheme where, initially, every segment of degree i is given 5 − i
units of charge. The sum of the charges of the segments in a rectangulation G ∈ R(P ) is∑
i≥2
(5− i)di(G) = 5
∑
i≥2
di(G)−
∑
i≥2
i · di(G) = 5n−
∑
i≥2
i · di(G). (3)
Every intersection in G is the endpoint of one segment, and increases the degrees of at
most two segments by 1. Since the segments of G have 2n endpoints, the total sum of the
degrees in G is at most 4n. In other words,∑
i≤2
i · di(G) ≤ 4n.
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Figure 4: The segment of point a receives charge from two segments of degree 3: one obtained by an
extension of the segment to the left and the other by an extension to the right.
Combining this with (3), we obtain that the sum of the charges of the segments of G is at
least 5n −∑i idi(G) ≥ n. This tells us that, on average, every segment in G has a charge
of at least 1.
For a segment (a,G), we denote by c(a,G) the charge of that segment. Let
C =
∑
G∈R(P )
∑
a∈P
c(a,G).
In other words, C is the total charge taken over all segments of all rectangulations. By the
preceding paragraph, we have that C ≥ n · rc(P ).
We now move the entire charge to segments of degree 2, as follows. Let s = (a,G) be
a segment of degree i > 2 and let s′ = (a,G′) be the segment obtained by trimming s. We
move the entire charge of s to s′. Note that this process does not change the total amount
of charge. Thus, we still have that C ≥ n · rc(P ). Let t denote the maximum charge that
any degree 2 segment has after the move. Then, C ≤ t ·∑G∈R(P ) d2(G). Combining the
bounds for C, we have that n · rc(P ) ≤ C ≤ t ·∑G∈R(P ) d2(G). Rearranging this equation
leads to
dˆ2(P ) ≥ n/t. (4)
Consider a segment s = (a,G). We say that s is left extendable k times if we can perform
a valid rotation of the left endpoint of s exactly k times. After each such rotation, s is
longer and has a new left endpoint. After k valid rotations, either the left endpoint of s
corresponds to a non-valid rotation, or the left endpoint is on B. In this case, we write
`(s) = k. We symmetrically define s as being right extendable k times, and write r(s) = k.
Any segment s = (a,G) receives charge from at most two segments of degree 3. One
of these degree 3 segments is obtained by rotating the left endpoint of s. The other is
obtained by rotating the right endpoint of s. This is demonstrated in Figure 4. Similarly,
s can receive charge from at most three segments of degree 4: one by doing two rotations
to the right, another by two rotations to the left, and the third by one rotation to the right
and one to the left. Note that s does not get positive charge from any other segment. Thus,
the maximum charge s can have is 3 · 1 + 2 · 2 + 1 · 3 = 10.
For s to receive such a charge of 10, it must be extendable at least twice to the right
and at least twice to the left. For example, see the segment of a in Figure 5(a). In this case,
s also receives a charge of -1 from at least one segment of degree 6. We conclude that the
maximum charge s can have is 9. In other words, t = 9. Combining this with (4) implies
that dˆ2 ≥ n/9.
Combining Lemmas 3.1 and 3.2 with an induction on n immediately implies the following
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Figure 5: Moving charge across degree-2 segments. (a) A rectangulation G, where the segment (a,G)
receives 9 units of charge. (b) The rectangulation G′ is obtained by flipping the segment b in G. This flip
involves extending (a,G) to the right. The resulting degree 2 segment (a,G′) receives 8 units of charge.
(c) The rectangulation G′′ is obtained by flipping the segment c in G. This flip involves extending (a,G)
to the left. The resulting degree 2 segment (a,G′′) receives 8 units of charge.
result.
Theorem 3.3. rc(n) ≤ 18n.
Theorem 3.3 already improves the result from [1] by a factor of n4. However, we are
interested in an exponential improvement. We obtain such an improvement by introducing
a more involved charging scheme.
Lemma 3.4. For every set P of n points in general position within a bounding rectangle,
dˆ2(P ) ≥ 2n17 .
Proof. We begin by applying the same charging scheme as in the proof of Lemma 3.2. We
then add an additional step of moving charge between degree 2 segments, as follows.
In the charging scheme described in the proof of Lemma 3.2, every degree 2 segment
ends up with a charge of at most 9. Let s = (a,G) be such a degree 2 segment with a charge
of 9. Then r(s) = `(s) = 2. Indeed, it can be easily verified that in any other case s has
a charge of at most 8. Let (b,G) be the segment containing the right endpoint of (a,G).
Let G′ be the rectangulation obtained by flipping (b,G). Note that the resulting degree 2
segment s′ = (a,G′) satisfies `(s′) ≤ 2 and r(s′) < 2. That is, the charge of s′ is at most 8.
Symmetrically, let (c,G) be the segment containing the left endpoint of (a,G). Let G′′ be
the rectangulation obtained by flipping (c,G). The resulting degree 2 segment s′′ = (a,G′′)
also has a charge of at most 8, as it satisfies `(s′) ≤ 2 and r(s′) < 2. We move a charge of
1/4 from s to s′, and an additional charge of 1/4 from s to s′′.
Figure 5 demonstrates an example of such a charge transfer. Initially, the segment (a,G)
has 9 units of charge, while the segments (a,G′) and (a,G′′) each have a charge of at most
8. Then (a,G) transfers 1/4 of a unit of charge to each of the other two segments. It is
possible that (a,G′) and (a,G′′) receive additional charge from other degree 2 segments
during this step.
Every degree 2 segment that had a charge of 9 after the first charge moving step has
a charge of 17/2 after the second charge moving step. We claim that every other degree 2
segment also has a charge of at most 17/2 after the second step. Indeed, let s = (a,G) be
a degree 2 segment that had a charge of at most 8 after the first charge moving step. For
s to receive charge in the second charge moving, it must satisfy r(s) ≤ 2 and `(s) ≤ 2, and
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one of these must be a strict inequality. Since s is of degree 2, there is a unique segment
(b,G) directly below the interior of s, and a unique segment (c,G) directly above it. (It
is possible that the segment directly above or below (a,G) is part of B. In this case, the
following analysis is stronger, showing that (a,G) receives a charge of at most 33/4.) We
might obtain a degree 2 segment that had a charge of 9 by flipping (b,G) and then extending
its intersection with the segment of a. Symmetrically, we might obtain a degree 2 segment
that had a charge of 9 by flipping and extending (c,G). No other degree 2-segment with a
charge of 9 could have moved charge to s. We conclude that after the second charge moving
step, s has a charge of at most 17/2.
By the above, we can repeat the analysis of Lemma 3.2, combining (4) with t = 17/2.
This implies that dˆ2 ≥ 2n17 , as asserted.
Combining Lemmas 3.1 and 3.4 with an induction on n immediately implies Theorem
1.1.
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